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Introduction
Let X be a smooth projective curve embedded in the projective space of dimension N and let 2' be the linear system of hyperplane sections on X. To every point P E X one can associate a sequence of natural numbers q,(P) < el( P) < . . . < FJP) that describes the possible intersection multiplicities at P of the curve with hyperplanes of P'". For all but finitely many points P on the curve X this sequence is the same. We denote this generic sequence by E" < E, <. . . < .cN and we call it the order-sequence of the linear system 2. The finitely many points P having a sequence E"(P) < c,(P) < . . . < F~(P) different from the generic one are called the Weierstrass points of 2.
If the characteristic of the base field, which we assume to be algebraically closed, is zero, then &i = i for i = 0, 1, . . . , N. In prime characteristics, however, the order-sequence of a linear system is an important invariant having connections with the number of rational points on curves over finite fields, the inseparability degrees of generalized Gauss maps, duality theory for curves, the theory of strange curves, etc. The theory of Weierstrass points in prime characteristic was initiated by Schmidt in [9] (see also [7] , [8] and [ll] ). A basic result is that there is a positive divisor having as support exactly the Weierstrass points on the curve; the degree of this divisor being (q, + &, + . . . + FN)(2g -2) + (N + l)d
Here g means the genus, d is the degree of a linear system and a,, < F, <. . . < F,,, its order-sequence. The importance of the order-sequence on the extrinsic geometry of the curve has been investigated by several authors (e.g., see [2] , [3] , (41 and [6] ).
In order to have a curve and a linear system on the curve with no Weierstrass points (i.e. the degree of the divisor above equal to zero), one must have g = 0 and 2 C F, = (N + 1)d. Since we have the inequalities 
Both the inequalities (1) and their application as above appeared first in a recent paper of Homma [5] . In Section 3, we give a simpler and much shorter proof of the inequalities (1). (See also [l] for a geometrical proof and an interesting generalization.) It is also clear from above that
and that equality occurs if and only if we have the equalities in (2) . In Section 4, we discuss the equalities above when the sequence E~~, 
Finally, in Section 6, we show that if S, = { F(, < F, < . . . < F,~} and S, = { pcLo < PI < . . . < pLM} are sequences satisfying the p-adic criterion (see definition below), then their sum S, + S, = {F, + /_L~ ( E, E S, and 11j E &} also satisfies the p-adic criterion.
Semigroup-sequences and order-sequences
Given a sequence of natural numbers 0 = co < E, <. . . < Ed, we call gaps the elements of the following set: G = {(q, + 11, (E, + 11, (&2 + I>, , (e, + 1)) f
The non-gaps are then the elements of the complementary set N\G. The given sequence will be called a semigroup-sequence if the set of non-gaps is a semigroup (i.e. closed under addition).
For a divisor D on a non-singular projective curve X over an algebraically closed field K, let e(D, P) denote the order of D at the point P on X. For a linear system _Y of X of projective dimension N and for a point P E X, let e,,(P) < &,(P)<... < eN(P) be the (N + 1) different orders at P as D runs through all divisors in A!'; i.e., { %,(P> < &I (PI < . . . < eN(P)} = { e(D, P) 1 D E 2)
The sequence e"(P) < e,(P) <. . . < e,,,(P) is called the order-sequence at the point P for the linear system. It is well-known that the order-sequences of 3 at distinct points on X all coincide, except for finitely many points (called the 2'-Weierstruss points on X). The generic order-sequence is then called the order-sequence of 3 and denoted by F,, < 8, < . . . < E,,,.
If char(K) = 0, then E, = j for all j. We have that the order-sequence &cl < F, < . . . < .zN of a linear system satisfies the following p-adic criterion (see [9] and [ll] ), p being the characteristic.
p-adic criterion. If p is a natural number and ( z) #O (mod p), for some 0 5 1~ N, then p = F; for some j.
Remark 1. The p-adic criterion is actually sufficient to ensure that a given sequence of numbers E() < cl < . . . < .sN is an order-sequence of a linear system. 
It is not hard to see that
One can find a proof, e.g., in [lo, Hilfssatz 31. (1)
The inequalities &j + E~_~ 5 Ed
Proof. Suppose that there exists an order-sequence a,, < F, < . . . < F,~ satisfying
for some OsjZN.
Let S be such a sequence with the smallest possible projective dimension N. We can assume that E, = 1 in this order-sequence S. Since S\{ F,,,} = { E(, < 8, <. . . < F~_,} is also an order-sequence (i.e. satisfies the p-adic criterion) and N is minimal, we have One can now easily check that
Let us write S,, = { p,, < p, < . . . < p,,}. We denote by t the number of orders in Proof. It is a direct verification that (b) implies (a) and that the sequence in (b) is a semigroup-sequence.
Reciprocally, let k be such that .zk > ckm, + 1. From the equalities (Ek -1) + (FNmk + 2) = (F*, + 1)
So far we have shown that every time there is a jump in the sequence, the jump is obtained by deleting just one integer, i.e. if .sk > ekP, + 1, then F~ = ekP, + 2. Let (q -1) be the smallest deleted integer, i.e. q is the smallest positive non-gap.
Because of the semigroup property on non-gaps, we have that nq, n E FV, is also a non-gap.
We claim that the non-gaps smaller than F~ have the above form, i.e. the deleted integers 2 are given by z < EN and Z=(q-l)+nq, nEk4.
Otherwise
we would have the existence of two deleted integers .Z,,Z? with (Z2 -Z, ( < q. Using the semigroup property again we have Zz + nq and Z, + nq, n E k4, are also deleted integers whenever smaller than Ed. Hence any two consecutive deleted integers occurring after the pair {Z,, Z2} give rise to a segment having length less than q. In particular, this is also true for the last segment and we get a contradiction with the conditions in (a). The theorem now follows easily. 0 
W=(N+l)'(e,,,(g-l)+d).
Proof. We just have to show that (a) implies (b). Because of Theorem 5, one just needs to show that q is a power of the characteristic p. Let then m be defined by
From the proof of Theorem 5, one has that E~_~ = q -2 and eqm, = q. It fohvs , < (p -1) . Consider now the integer 2 = (q -1) + p'. Since Z < E,~ and (,% )fO(mod p), using again the p-adic criterion, we get that Z is also a deleted integer. This is an absurd, as follows from Theorem 5, since we have Z -(q ~ 1) = p' < q. Hence q = p"' and the theorem is proved. 0
Remark 7.
It is easy to see that the sequences given in Theorem 6(b) are semigroup-sequences and satisfy the p-adic criterion. However, we do not know of any non-classical canonical curves having order-sequences of this type.
Remark 8. Let E,) = 0 < F, < . . . < .zN be a non-classical (i.e. E,~ > N) semigroupsequence.
Suppose that E, > F,_, + 1 and that there exist &i, and E/, satisfying
Then, as in the proof of Theorem 5, we conclude that (e, -2) is also an element of the sequence by using the equality (et_, + 2) + (F~ -1) = (F,, + 1).
Remark 9.
For a non-classical semigroup-sequence, let (j + 1) be the first non-gap, i.e. E,_, = j -1 and E, > j. Then we have
Ek -Ek-,
-lsj, for all k 2 j .
This follows from the equality ( j + 1) + (F~ -j) = (eA + 1).
The inequalities E, 5 Ed + E,,_~(~,, d(k) = Ed -k
We explore further the idea in the above two remarks to obtain inequalities on semigroup-sequences.
We do not assume that the sequence satisfies the p-adic criterion and hence the result can be applied to Weierstrass points on canonical curves, even in characteristic zero.
Theorem 10. Let 0 = F,) < F, <. . . < Ed be a semigroup-sequence with eN > N. Let k be such that ok > &k_ , + 1 and denote d(k) = (E, -k). Then we have
for h 2 k . 
Moreover, (E/, -Ed

